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Background Information



Estimators
An estimator is an operation computing the value of an
estimate, that targets the parameter, using measurements
from a sample.



Data
Let  where  is a known distribution
function and  is a vector of parameters. Let

, be the sample collected.

,… , F(θ)X1 Xn ∼
iid

F(⋅)

θ

X = ( ,… ,X1 Xn)
T



MLE Properties



Unbiased Estimators
Let  be a random sample from a distribution with
parameter . Let  be an estimator for a parameter . Then  is
an unbiased estimator if . Otherwise,  is considered
biased.

,… ,X1 Xn

θ θ ̂  θ θ ̂ 

E( ) = θθ ̂  θ ̂ 



Consistent Estimators
Let  be a random sample from a distribution with
parameter . The estimator  is a consistent estimator of the 
if

,… ,X1 Xn

θ θ ̂  θ

1.  as E{( − θ } → 0θ ̂  )2 n → ∞

2.  as  for every P(| − θ| ≥ ϵ) → 0θ ̂  n → ∞ ϵ > 0



Invariance Property
If  is an ML estimator of , then for any one-to-one function ,
the ML estimator for  is .
θ ̂  θ g

g(θ) g( )θ ̂ 



Large Sample Theory
Let  be a random sample from a distribution with
parameter . Let  be the MLE estimator for a parameter . As

, then  has a normal distribution with mean  and
variance , where

,… ,X1 Xn

θ θ ̂  θ

n → ∞ θ ̂  θ

1/nI(θ)

I(θ) = E [− log{f (X; θ)}]
∂2

∂θ2



Example



Exponential Distribution
Let . Find the sampling distribution of
the MLE of 

,… , Exp(λ)X1 Xn ∼
iid

λ









Poisson Distribution
Let , Find the sampling distribution of
the MLE.

,… , Pois(λ)X1 Xn ∼
iid





Normal Distribution
Let . Are the MLE’s of  and 
unbiased?

,… , N(μ, )X1 Xn ∼
iid

σ2 μ σ2






